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Twenty years of GdR IFM, seen from GT CoA

1 Central Topics of GT CoA: Algorithms and Complexity

The aim of the CoA working group of GdR IFM is to bring together all researchers in
computer science and mathematics interested in methods and tools for:

designing and analyzing efficient algorithms,
establishing lower bounds on properties of algorithms (e.g., computation time, circuit
size, approximation factors, quantity of bits exchanged, etc.).

The CoA working group focuses on all forms of algorithms including sequential, parallel or
distributed algorithms, online algorithms, streaming algorithms, approximation algorithms,
parameterized algorithms, probabilistic algorithms, quantum algorithms, and other new
paradigms. We focus on the design and analysis of algorithms, approached from the joint
point of view of upper and lower bounds regarding complexity and other bounded resources.
The CoA working group is also interested in algorithms motivated by and applied to all types
of environments: graphs, networks, biological systems, images, combinatorial objects, etc.

We list below some examples of areas of particular interest to CoA researchers in France
and discuss the evolution of these domains over the last twenty years. This list is far from
being exhaustive. In fact, algorithmic and complexity-theoretic questions can be found across
(almost) all working groups of GDR IFM.

2 Algorithms

Approximation Algorithms

The field of approximation algorithms focuses on the design of provably good polynomial-time
solutions typically for NP-hard problems, and has been studied extensively for several decades.
The last 20 years have again seen major improvements on longstanding questions thanks to
new techniques related for example to linear programming relaxations or randomization over
specific distributions. We can cite for illustration the Traveling Salesperson Problem, for
which the approximation factor of the metric version has been improved for the first time
since the 1970s [51], and the first constant approximation algorithm for the asymmetric case
has been designed [73], also following decades of research.

Besides such progress, there is still a significant gap between lower and upper bounds on
approximation factors for many problems. A new direction has therefore been focusing on
conditional lower bounds, assuming stronger hypotheses than P 6= NP to exhibit inapproxim-
ability results, thus unifying and making explicit the core open problems at the origin of
such gaps. For example, assuming Unique Games Conjecture variants has been proven to be
sufficient to get tight lower bounds in several scheduling problems [72, 12].

As approximation algorithms focus on guaranteeing the quality of the solution for all
instances, they may therefore be pessimistic on some real-world instances. This observation
has motivated several directions aiming to go “beyond the worst-case”, a perspective that
has flourished in the last 20 years, leading to new research domains such as smooth analysis,
robust optimization, advice complexity and learning-augmented algorithms [69].
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Distributed Algorithms

The last 20 years have seen a considerable expansion in the range of applications for distributed
computing, originally driven mainly by computer networks (multi-core processors, sensor
networks, data centers, peer-to-peer networks, blockchains, etc.), which now extends to
biological systems and nanotechnologies, and even sociology (social networks) and physics
(complex systems). This evolution has led to a wide diversification of the computational
models considered in the context of distributed computing.

In terms of fundamental research, recent algorithmic developments aim to circumvent
the numerous obstacles that make it impossible to solve certain tasks in environments
prone to failures or attacks (e.g., consensus). Studies focus in particular on the use of
sophisticated communication mechanisms and cryptographic primitives. In the context of
developing network algorithms for solving graph problems, distributed graph decomposition
techniques have seen enormous growth, as well as derandomization techniques. It is also
worth mentioning recent advances in distributed quantum computing, and the emergence of
a line of research dedicated to limiting the energy consumption of distributed algorithms.

Finally, the identification of lower bounds has also seen enormous progress through the
use of tools from algebraic topology, graph theory (e.g., round reduction) and communication
complexity, coupled with a better understanding of the power and limitation of using random
resources.

Linear Programming Algorithms

Linear programming is one of the landmark achievements of modern mathematics and
computing. Developed in the 1940s to formalize questions of resource allocation, it soon
became a powerful language for modeling and solving problems across science, industry, and
economics. From logistics and scheduling to energy planning and finance, its influence has
been enormous, while at the same time it has driven some of the most important advances
in algorithms.

The earliest breakthrough was the simplex method, designed by Dantzig in 1947. The
simplex method is an algorithm that can solve linear programming problems efficiently in
practice, and it is a cornerstone of modern optimization software. Unlike its efficiency in
practice, in the 1970s the simplex method was proven to require exponential time in the
theoretical worst case. Similar to the field of approximation algorithms, this has inspired
many researchers to innovate new approaches for algorithm analysis [69]. For the past 25
years, the leading approach has been smoothed analysis, introduced by Spielman and Teng.
Smoothed analysis shows that if the input is perturbed by tiny random noise, then simplex
runs in polynomial time in expectation [71]. This result has launched a wave of refinements,
leading to variants with provably much fewer pivot steps [23, 46, 11]. Today, nearly matching
upper and lower bounds on the smoothed complexity are known [11]. This has prompted new
analytical approaches, basing mathematical assumptions on close observation of algorithm
implementations and user manual specifications [10].

A very different approach appeared in the 1980s with interior point methods, which follow
a continuous path through the interior of the feasible region [52]. These algorithms have a
theoretical guarantee of about the square root of the problem dimension in the number of
iterations, yet in practice they converge much faster, making them a cornerstone of modern
solvers [80]. Their algebraic structure also makes it possible to combine them with fast linear
system solvers, which has powered breakthroughs in theory for fundamental algorithmic
problems such as maximum flow and minimum cost flow [64, 60, 65, 22, 8, 53, 39, 9, 78, 77,
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76, 21, 79].
Recent work has even started to connect the two algorithmic lines. Many analyses of

simplex methods are based on a geometric quantity called the shadow size, which measures
the number of segments of a two-dimensional projection of the feasible polyhedron. Recent
work has shown that the running time of certain interior-point methods is no greater than
this number [3]. This led to strongly polynomial algorithms for new classes of problems [24],
and opened a promising path towards the solution to Smale’s 9th problem, whether all linear
programs can be solved in strongly polynomial-time.

Fixed-Parameter Algorithms

Over the past two decades, the parameterized complexity community has developed an
extensive toolkit for tackling hard problems, notably the techniques of color coding, iterative
compression, bidimensionality, important separators, Cut and Count, and more recently,
flow augmentation. The latter four techniques have influenced other areas, especially those
concerned with cut and flow problems. In the last 10 years, new width parameters, such as
mim-width, twin-width, and merge-width (the successors of treewidth and clique-width),
have emerged and yielded logic-based meta-theorems, providing a clearer and more unified
landscape of tractability. This is particularly true for the first-order logic model checking
problem, where intensive efforts led to the characterization of the FPT tractability barrier
for monotone classes (nowhere dense graphs), and significant progress for hereditary classes.
Kernelization, a subarea of parameterized complexity, has obtained similar meta-theorems,
via a technique called protrusion replacement. In parallel, lower-bound techniques have
enabled one to match the running time of the fastest known algorithms for most of the
parameterized problems.

While historically the focus of parameterized complexity has been on NP-hard graph
problems, recent years have seen an expansion to handling problems from computational
geometry, computational social choice, bioinformatics, etc., as well as polynomial-time-solvable
graph problems, in the so-called FPT in P program. The latter has gradually merged
with the field of fine-grained complexity. Another fruitful development of parameterized
complexity is its interface with approximation algorithms. For problems that are both hard
to approximate and fixed-parameter intractable, can we get improved approximation factors
in parameterized time that is not attainable by exact computation? This line of work has
brought a wealth of positive and negative results, building upon the toolboxes of (hardness
of) approximation and of parameterized complexity.

Online Algorithms

The online algorithm paradigm models situations where the problem instance arrives in form
of a request sequence, and the algorithm needs to serve each request immediately, without
having knowledge about future requests. Algorithms’ performance is then compared with
that of an ideal offline algorithm having full information about the problem instance in
advance. The resulting competitive ratio thus measures the price of not knowing the future.

The paging problem, the secretary problem, the prophet inequality problem, the “rent
or buy” problem, and the cowpath problem are well-studied examples of an online problem.
Many combinatorial optimization problems have their online counterpart.

The online setting differs from that of streaming algorithms, where the algorithms need
to store information in small memory to answer a final query. It also differs from robust
optimization, which is typically a two stage setting, where a decision has to be made in
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the first phase, in such a way that changes in the instance during the second phase can be
handled without large cost.

In 2011 [Emek, Fraigniaud, Korman, Rosén] introduced “with advice complexity”, asking
questions like, how many bits of “additional information” about the whole sequence are
needed per request so as to guarantee a particular competitive ratio? In 2018, [Purohit,
Svitkina, Kumar] and shortly later [Angelopoulos, Dürr, Jin, Kamali, Renault] studied a
model where the algorithm is provided with a prediction on future requests, which could
be learned from past instances, and which can have errors. The performance of an ideal
online algorithm should degrade smoothly with the error. Such algorithms and matching
lower bounds have been developed for many the important online problems.

Randomized Optimization Heuristics

Randomized optimization heuristics (ROHs) such as simple randomized local search al-
gorithms, simulated annealing, evolutionary algorithms, or ant colony optimizers can be
traced back to Turing’s “learning machine” from 1950. They gained popularity in the
1970s, where in particular genetic algorithms were introduced as a means to reliably op-
timize settings with very limited problem-specific knowledge. Since then, ROHs thrive as
general-purpose optimizers in such black-box settings, making use of more and more complex
operators [27, 41, 75].

The majority of the research conducted on ROHs being empirical, their theoretical analysis
was pioneered by Ingo Wegener and his students in the 1990s [36, 37, 48]. Initial theoretical
results considered very simple algorithms that could be analyzed via elementary tools from
probability theory, such as the coupon collector theorem [35]. Soon it was observed that
already for the analysis of simple heuristics, the classic toolbox from randomized algorithms
does not suffice. A prominent example is the analysis of the runtime of the (1+1) evolutionary
algorithms on pseudo-Boolean linear functions, which led to the invention of a set of methods
now known as drift analysis [29, 30, 44], which allow to translate information on the one-step
progress into estimates for the runtime.

Over the years, the mathematical tools for analyzing ROHs became considerably more
refined, allowing for the analysis of increasingly complex ROHs and developing complexity-
theoretic models. Key results gave very precise estimates for algorithms’ expected runtimes [47],
they proved guarantees for entire generic classes of operators [61], and they studied dy-
namically adapting ROHs [59]. This increased body of knowledge also led to the design
of new ROHs that were provably better than their predecessors [31, 33, 57]. In particu-
lar, in the evolutionary computation community, theory has become a cornerstone of the
field [34]. However, theoretical work on ROHs is now also regularly present at the large AI
conferences [15, 25, 28, 32, 63, 82].

Quantum Algorithms

In 2006, the 9th edition of the largest international conference devoted to the study of
Quantum Information Processing (QIP) was held in Paris. The conference gathered an
audience of about 200 participants and featured 40 talks selected from 160 submissions.
Over the past decade, attendance has grown to around 1,000 participants annually, with the
program now comprising 3 parallel sessions and approximately 130 presentations selected by
an international committee. For the 29th edition, in 2026, the program committee consists
of 130 members and received about 700 submissions. What has changed?

Since 2006, theoretical progress in quantum algorithms has accelerated, broadening both
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research directions and applications. The Harrow–Hassidim–Lloyd (HHL) algorithm [43],
introduced in 2009, provided the first quantum method for solving linear systems with expo-
nential improvement in the system dimension, leading to developments in quantum machine
learning, including clustering [54], classification [68], and recommendation systems [56]. In
addition, generic algorithmic primitives such as quantum walks [74] and quantum Monte
Carlo techniques [42] have been refined and applied to problems in optimization [5], sampling,
backtracking [67], search [66], and simulation [14]. At the same time, results on oracle separ-
ations have clarified the boundaries between classical and quantum computation, providing a
rigorous foundation for identifying tasks where quantum algorithms offer provable advantages,
for instance in terms of query complexity [2], space complexity [49] and time complexity [1].

These advances have influenced both national research agendas and industrial initiatives.
The NIST post-quantum cryptography standardization process has emphasized the practical
relevance of quantum algorithms for information security, while national and industrial
programs worldwide have supported research in quantum computing. As a result, the
current algorithms community includes both researchers focused on fundamental theoretical
developments and those working on applied use cases, bridging physics, computer science,
and potential industrial applications. Area of applications include simulation of quantum
physics for quantum chemistry and materials simulation, post-quantum cryptography and
cryptanalysis, and more generally optimization through quantum heuristics such as quantum
variational approaches [38]. Some of the proposed solution even include hybrid quantum–hpc
approaches [50].

Algorithmic Game Theory

Algorithmic Game Theory lies at the intersection of computer science, economics, and math-
ematics, focusing on the computational aspects of strategic decision-making and equilibrium
analysis. Its foundations were laid in the early 2000s, marked by three seminal papers that
were later recognized with the Gödel Prize: “Worst-case equilibria” by Koutsoupias and
Papadimitriou, “How bad is selfish routing?” by Roughgarden and Tardos, and “Algorithmic
Mechanism Design” by Nisan and Ronen.

Recent advances have deepened our understanding of the algorithmic complexity of
finding equilibria, particularly Nash equilibria in large-scale and dynamic games. Researchers
have developed efficient approximation algorithms and equilibrium computation techniques
for specific game classes, such as congestion, auction, and network games. The rise of online
platforms and decentralized systems (Adwords, etc) has further motivated the study of
algorithmic mechanisms that ensure efficiency, fairness, and incentive compatibility under
computational constraints.

Modern research in Algorithmic Game Theory increasingly integrates machine learning,
data-driven modeling, and mechanism design to address real-world challenges in markets,
networks, and multi-agent systems. Deep learning-based approaches now allow agents to
learn strategies and equilibria in environments too complex for explicit analytical solutions.
Meanwhile, algorithmic mechanism design continues to evolve toward robust and adaptive
frameworks that account for uncertainty, partial information, and dynamic participation. This
convergence of learning, optimization, and strategic reasoning positions Algorithmic Game
Theory as a foundational field for understanding and engineering intelligent, self-organizing
systems in economics, artificial intelligence, and beyond.
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Combinatorial Reconfiguration

Combinatorial reconfiguration is an emerging discipline in theoretical computer science that,
since the late 2000s, has led to a systematic study of algorithmic and structural questions
about so-called solution graphs. For an instance of some combinatorial problem, such as
the k-coloring problem, the solution graph has as vertices all solutions to the instance (e.g.,
k-colorings of a given graph) and two solutions are adjacent whenever they are sufficiently
similar. Typically, two solutions are similar, if one can be obtained from the other by a
simple modification; for k-colorings, a popular modification is to change the color of a single
vertex. Solution graphs are relevant in many applications, such as random generation of
combinatorial structures, enumeration, combinatorial games, motion planning, statistical
physics, and bioinformatics. However, they are are usually too large to be constructed
explicitly. A typical question in combinatorial reconfiguration is whether two combinatorial
structures are equivalent in the sense that one can be transformed into the other by applying
a sequence of small modifications. Such a sequence of modifications corresponds to a path
in a solution graph. We may ask under which conditions the solution graph is connected
or what is diameter is, that is, how many modifications suffice in order to transform one
k-coloring into any other k-coloring.

The number of combinatorial structures that have been studied from the reconfiguration
point of view in the last fifteen years or so is vast, so let us focus the aforementioned k-colorings.
The general goal is to classify coloring problems based on the complexity of determining
whether two colorings are equivalent. For example, deciding the equivalence of two 3-colorings
is polynomial, even though deciding whether a graph admits a 3-coloring is NP-complete [20].
Meanwhile, determining if two 4-colorings of a graph are equivalent is PSPACE-complete [17].
An important insight is that there are certain topological reasons for whether two colorings
are equivalent [81]. This insight has lead to a much better understanding of the complexity
of testing the equivalence of graph homomorphisms (a generalization of k-colorings), but a
complete classification currently seems out of reach [62, 81]. Besides such a classification, a
major open problem in the area is the conjecture of Cereceda, which states that for k ≥ d + 2,
the diameter of the graph of k-colorings of a d-degenerate graph G is quadratic in the number
of vertices of G. The best current bound is polynomial [18].

3 Complexity

Classical Complexity Theory

Classical complexity theory has witnessed several landmark results. One standout achievement
is Harvey and van der Hoeven’s algorithm for integer multiplication in O(n log n) time,
achieving the theoretically optimal bound for this fundamental operation. Another major
breakthrough is Ryan Williams’ work on simulating time with square-root space, which
established a surprising relationship between time and space complexity, showing that certain
time-bounded computations can be simulated using much less space than previously thought.

Fine-grained Complexity

Fine-grained complexity focus on the precise running times of algorithms for fundamental
problems. The methodology of fine-grained complexity mimics the approach of NP-hardness:
researchers select key problems conjectured to require a certain amount of time (such as
k-SAT under the Strong Exponential Time Hypothesis (SETH)) and then use fine-grained
reductions to transfer these hardness assumptions to other problems. This has led to a web
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of tight conditional lower bounds. At its core the hardness of most of the studied problems
in fine-grained complexity can be based on the presumed hardness of three key problems: the
3SUM problem, the All-Pairs-Shortest Paths (APSP) problem and k-SAT. The first problem
is assumed to not have subquadratic algorithm, for the second one, the best algorithm is
believed to be only cubic.The Strong Exponential Time Hypothesis states that for every
ε > 0, there exists a constant k such that k-SAT (the satisfiability problem for conjunctive
normal form formulas with k literals per clause) cannot be solved in time O(2(1−ε)n), where n

is the number of variables. In other words, SETH asserts that exhaustive search is essentially
optimal for SAT, even for large k. Williams showed that this hypothesis implies that the
Orthogonal Vectors problem (find in a set of vectors, two which are orthogonal) can not
be solved by a subquadratic algorithm. Under these hypotheses, it is shown that the best
algorithms for a large class of classical problems (edit distance, graph diameter, shortest cycle,
planar motion planning, sequence local alignment, . . . ) can not be substantially improved.

Circuits Complexity

Circuit complexity has also seen significant progress over the past decade. Rossman, Servedio,
and Tan established an average-case depth hierarchy theorem for Boolean circuits, demon-
strating that circuits of increasing depth can solve more problems on average, even when size
is restricted. Monotone circuits (i.e., without NOT gates) are a fundamental model where
exponential lower bounds are known. Pitassi and Robere improved these results by obtaining
strongly exponential lower bounds for them, by developing a refined version of the lifting
theorems. In the arithmetic realm, Limaye, Srinivasan, and Tavenas showed superpolynomial
lower bounds against low-depth algebraic circuits, the similar question has been known
for Boolean circuits for 50 years, but this question remained unresolved in the arithmetic
case. In fact arithmetic circuits of constant depth seem more powerful. This idea has been
strengthened by Andrews and Wigderson’s work, arithmetic circuits of constant-depth are
able to efficiently compute the gcd of two polynomials, as well as the related problems of the
discriminant, resultant, Bézout coefficients, squarefree decomposition.

Meta-complexity

The field of meta-complexity refers to the complexity of problems that are themselves about
computational complexity. Central examples are the Minimum Circuit Size Problem (MCSP),
which asks for the smallest circuit computing a given Boolean function the problem of
determining the Kolmogorov complexity of a string. Research has revealed deep connections
between MCSP and other fundamental areas, such as cryptography and learning theory.
Notably, quasi-polynomial time algorithms for PAC-learning constant-depth circuits with
parity gates were developed by Carmosino, Impagliazzo, Kabanets, and Kolokolova, and new
worst-case to average-case reductions for NP problems were established by Hirara.

Query complexity

Query complexity measures the number of queries to an input required to solve a task when
access is restricted. For example, sorting a size-n array requires at least n log n comparisons
(queries) to the elements, though it can be faster with direct access. It has also been
extensively studied for its deep connections to combinatorial structures. It also has potential
impact on data queries in the cloud. Prior to 2006, the relationships among measures of query
complexity for total Boolean functions were only partially understood. Deterministic query
complexity D(f) could exceed randomized complexity R(f), with the best explicit separation



10 Twenty years of GdR IFM, seen from GT CoA

realized for the recursive NAND tree: R(f) = Θ(D(f)0.753...) [70]. Sensitivity s(f) was known
to relate to block sensitivity bs(f), but the sensitivity conjecture, asserting a polynomial
relationship between s(f) and bs(f) and thus D(f), remained unresolved. Since 2006,
Huang’s proof established this relationship [45], while pointer functions provide the strongest
known explicit separations for total functions: D(f) = Ω(n/ log n), R0(f) = Õ(

√
n), and

Q(f) = Õ(n1/4) [4]. These results both clarify the structural role of sensitivity and furnish
explicit constructions demonstrating near-optimal gaps among deterministic, randomized,
and quantum query complexities, forming a foundational toolkit for lower-bound techniques.

(Quantum) Communication complexity

Communication complexity is a fundamental framework for proving lower bounds across
a variety of computational models. Early applications include circuit depth, formula size,
VLSI complexity, and time–space tradeoffs. Over the past two decades, it has found new
applications in establishing lower bounds and tradeoffs for computational models designed for
massive data, while also incorporating techniques from information theory. Some information-
theoretic methods were also inspired by quantum information, in particular by non-local
games [55]. In a different vein, quantum communication complexity separations developed
to distinguish quantum from classical models, such as the hidden matching problem [13],
have led to further unexpected results. This separation was use to prove space lower bounds
for streaming algorithms solving graph problems such as maximum matching [6]. More
generally, the reduction of communication complexity, and more generally of information
complexity [19], to other models, has provided explicit lower bounds for streaming algorithms
(e.g., statistics estimation [58]), for distributed computing tasks(e.g. minimum spanning tree,
shortest paths, and minimum cut [26]) and for property testing problems (e.g., monotone
functions and the class of sparse polynomials [16]). These methods unify lower-bound
arguments across deterministic, randomized, and quantum models.

Applications to Learning

Information-theoretic and communication complexity techniques have been instrumental
in establishing space-sample tradeoffs for PAC learning. In memory-bounded settings, any
one-pass algorithm that learns a class of functions from m labeled examples must use memory
proportional to the communication complexity of an associated hard problem. This implies,
for instance, that learning parity functions or certain conjunctions with sublinear memory
requires an exponential number of samples. These tradeoffs have direct ramifications in
algorithm design, limiting what can be learned efficiently in streaming or online settings, and
in privacy-preserving learning, since the memory constraints effectively restrict the amount
of information retained about individual data points, providing inherent privacy guarantees.

Proof Complexity

Proof complexity studies proofs as computational objects, asking how hard it is to certify
that a statement is true. By analyzing the size and structure of proofs in formal systems, it
sheds light on the limits of efficient reasoning and their connection to algorithmic complexity.
Since 2006, proof complexity has developed into a rich and cross-disciplinary research
program linking propositional proofs, circuit complexity, algebraic methods, optimization,
and communication-based techniques. Grochow and Pitassi’s Ideal Proof System [40] marked
an important step toward unifying algebraic proof systems with circuit complexity, connecting
algebraic-circuit lower bounds, polynomial identity testing, and the hardness of proving
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tautologies. A major milestone established by Atserias and Müller showed that Resolution, a
fundamental propositional proof system underlying many SAT solvers, is not automatizable
unless P = NP [7], resolving a decades-old question about whether short proofs can be
found efficiently. This breakthrough spurred a robust line of work extending NP-hardness of
automatizability to other systems. In parallel, the Sum-of-Squares/Lasserre proof system
emerged as a central bridge between optimization, algorithms, and proof complexity, yielding
deep results on both algorithmic power and proof-size lower bounds, in particular for constraint
satisfaction and planted problems. Finally, a family of lifting and query-to-communication
theorems has provided a versatile framework for transferring query-complexity lower bounds
into communication and proof-complexity separations, producing strong lower bounds across
multiple proof systems.
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Twenty Years of GdR IFM, seen from GT Graphs

At the turn of the 2000s, graph theory experienced major advances. In structural graph
theory, the strong perfect graph conjecture had just been proven, and the publication of
the Graph Minors series was nearing its end. In graph algorithms, the first applications
of Courcelle’s Theorem were emerging, and the field of parameterized algorithms was also
gaining momentum.

The Strong Perfect Graph Theorem [25] characterizes graphs G for which the chromatic
number χ(G) equals the size of their largest clique ω(G), and for which all induced
subgraphs preserve this property. The chromatic number χ(G) is the smallest number
of parts in a partition of the vertices of G such that each edge has its endpoints in
distinct parts. It is immediate that χ(G) ≥ ω(G) for any graph G. This theorem thus
characterizes the graphs for which this bound is tight.

The Graph Minors series by Robertson and Seymour is an in-depth study of classes
of graphs that are closed under the minor relation. This means that in such a class
C, for any graph G ∈ C, deleting a vertex, deleting an edge, or contracting an edge
produces a graph that also belongs to C. This is, for example, the case for the class of
planar graphs—those that can be drawn in the plane without any edge crossings. One
of the highlights of this series is the proof of Wagner’s Conjecture: the minor relation
is a well-quasi-ordering. This means that every minor-closed class of graphs C can be
characterized by a finite set of excluded minors.

Courcelle’s Theorem [31] guarantees that any property Q that can be expressed in a
certain logical language — the monadic second-order logic of graphs — and that concerns
graphs of tree-width at most t, admits an algorithm running in time f(Q, t) · |G|, where
G is the input graph and f is some function. Tree-width is a graph invariant that, in a
sense, measures how many vertices need to be removed to split a graph—or any of its
subgraphs—into smaller pieces (each piece containing at most two-thirds of the original
vertices).

Parameterized Complexity is a response to the proven difficulty of many algorithmic
problems—the so-called NP-hard problems. For such problems, it is believed that no
algorithm can solve them in polynomial time, that is, in time O(|G|c), where G is the
input graph and c > 0 is a constant. This approach proposes, for any graph problem
Π, to determine the graph parameters p(G) for which there is an algorithm solving Π
in time f(p(G)) · |G|c, for some function f and value c > 0. This allows characterizing
sub-classes of graphs for which Π can be solved efficiently.

Since 2006, graph theory has witnessed an impressive number of works and advances.
Given this abundance, it is impossible to provide an exhaustive overview. Likewise, it is
difficult to single out the most significant developments. Nevertheless, we will venture to
do so: starting from the four major milestones we have just discussed, we will explore in
Section 1 how they have nourished our field and fostered the emergence of new theories,
powerful tools, and remarkable results. Next, in Section 2, we will look at examples of new
tools or new models originating from other fields, which have had a significant impact and
that influenced the evolution of our research questions.
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1 Continuation of major works

1.1 Perfect graphs and χ-boundedness

Understanding why a graph has large chromatic number is a central question in graph theory,
and one that most likely does not admit a simple answer. It is clear that a graph containing
a large clique (that is a large complete graph) must have a large chromatic number. But the
converse is not always true. It has been known since Erdős [48] that there exist triangle-free
graphs (and even graphs with no short cycles) with arbitrarily large chromatic number. These
examples show that the difficulty of coloring cannot always be explained by local properties.

The strong perfect graph theorem [25] (solved exactly 20 years ago) tells us that a
chromatic number strictly larger than the clique number forces the presence of an induced
odd cycle in the graph or its complement. In his foundational paper [58], Gyárfás went
further and asked which structures must necessarily appear when the gap between χ(G) and
ω(G) becomes arbitrarily large. He introduced the notion of a χ-bounded class of graphs and
formulated several conjectures that have guided subsequent research, including a number
concerning the cycle lengths that must occur.

These conjectures remained out of reach for a long time, but the past twenty years have
witnessed spectacular progress, starting with the resolution of a special case by Bonamy,
Charbit and Thomassé in 2014 [11]. In 2016, Scott and Seymour proved that graphs with no
odd hole are indeed χ-bounded [91], that is, the absence of odd holes suffices to bound the
chromatic number as a function of the clique number. In 2019, with Chudnovsky and Spirkl,
they subsequently established a stronger result: forbidding induced long cycles, or even only
induced long odd cycles, also suffices [26, 27].

Among the famous conjectures of Gyárfás, one has resisted attempts for the past forty
years: the Gyárfás–Sumner conjecture [58, 93], which asserts that for every tree T , the class
of graphs with no induced copy of T is χ-bounded. The conjecture is now proved for many
specific families of trees (paths, stars, trees of radius two, etc.), and the methods developed
to attack it have spread much further, notably in algorithmics (the so-called Gyárfás path
argument). But the conjecture remains open, and nothing guarantees that a counterexample
will not eventually be found. The Gyárfás–Sumner conjecture is still actively studied, in
particular by members of the GT Graphs group, both in its original form and in various
extensions, such as to signed graphs [2] and oriented graphs [1].

Interestingly, the Gyárfás path argument has also led to new advances on the Erdős–Hajnal
conjecture [49], another major open problem in structural graph theory. This conjecture
states that forbidding a single graph as an induced subgraph should suffice to move far away
from the standard behavior of random graphs, where the largest clique and stable set are
only logarithmic in size, and instead guarantee the existence of a clique or a stable set of
polynomial size. Perfect graphs, for instance, always contain a clique or a stable set of size
Ω(
√
n). An alternative direction that has proved fruitful is to forbid two (families of) graphs

rather than just one, in order to gain additional structure: for example, forbidding a path
and its complement [21], or forbidding long cycles and their complements or forbidding just
one cycle of fixed length together with its complement [10], or a forest together with its
complement [28], already ensures the existence of a very large clique or a very large stable
set.
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1.2 Sparse Graphs
Sparsity vs denseness is a natural dichotomy when studying the structure of mathematical
objects. However, there is not a unique definition of what a sparse graph would look
like. While there might be many notions of sparsity, they all agree on some monotonicity
conditions. For instance, one can consider as sparse any graph G whose maximum average
degree, that is maxH⊆G

1
|V (H)|

∑
v∈V (H) degH(v) where H ranges over the subgraphs of G,

is small. However, this definition while can be useful for some partition problems such as
coloring problems, is not convenient in other context as simply subdividing every edge of a
dense graph gives rise to a graph of small maximum average degree.

In the seminal work of Robertson and Seymour on classifying graph classes with respect to
the minor quasi-ordering, the family of non-trivial minor-closed graph classes appear to meet
many desired properties of sparsity : (1) the number of edges is linear, (2) they are hereditary
w.r.t. minor, and (3) cannot contain all graphs as minors. Nonetheless, graphs of small
degree are not minor-closed and still share many properties with non-trivial minor-closed
graph classes, indicating better notions of sparsity. In their seminal work [79, 78, 81], rooting
from the study of graph homomorphism problems, Nešetřil and Ossona de Mendez proposed
to substitute r-shallow minor1 to subgraph in the definition of maximum average degree.
While the definition seems as for maximum average degree to be arbitrary, it allows to
define a sparsity parameter for each value r ≥ 0, ranging from the maximum average degree
(r = 0) to parameters characterizing minor-closed classes (r =∞). It happens also that this
definition is effective enough that an equivalent hierarchy is obtained if we replace minor
by other quasi-orders such as topological minor or immersion [82]. Using these parameters,
an infinite lattice of sparse graph classes can be defined [82], the most prominent one being
the familly of bounded expansion graph classes where the parameters are bounded by a
function f . For graph classes where these parameters are not bounded by any function f(r),
one can distinguish between nowhere dense and somewhere dense graph classes. Here, the
dense graph classes are those that contain all graphs in their r-shallow minors, for some
r. Conversely, the nowhere dense classes are such that the clique-number of each r-shallow
minor is bounded, but they can have super-linear number of edges, a property that cannot
be true for non-trivial minor-closed graphs. The links of this class trichotomy with clique
number have triggered many questions regarding their links with coloring problems, and
several other characterizations of these classes have been proposed, the main structural
ones being those based on generalized coloring [97], those based on low tree-width/tree-depth
coloring [80], those based on variants of cops and robber games [56] and those based on
neighbourhood complexity [86].

Another way of studying a graph class C is to understand the structure of the set of
graphs not belonging to C, and in particular the minimal ones w.r.t. a quasi-order and
called obstructions. These obstructions are for instance used as certificates for recognition
algorithms. For instance, any minor-closed class of graphs is characterized by a finite list of
obstructions, allowing a polynomial recognition algorithm for any minor-closed graph class.
Another line of research in studying sparse graph classes is to identify sets of obstructions
for important graph properties. One can cite among such results the characterization of NIP
and stable graph classes w.r.t. induced subgraph quasi-order [72], and the constructive proof
computing the set of obstructions for having the Erdős-Pósa property2 for any minor-closed

1 Roughly an r-shallow minor is a minor where contraction are done only on connected subgraphs of
diameter at most r.

2 Having the Erdős-Pósa property w.r.t. a class H, is, for a function f , having either k pairwise
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class of graphs [84].
This field of research had important consequence for graph algorithms. It allowed

extending the classes of graphs for which FO model checking can be performed efficiently.
This is explained in the next subsection.

1.3 Meta-theorems
Algorithmic meta-theorems are general results that identify broad classes of problems which
can be solved efficiently when the input graph meets certain structural conditions. Informally,
they are expressed as follows:

“Every problem expressible in some language L can be efficiently solved for the graphs
of some class G.”

Courcelle’s theorem was the first major statement of this form, taking L as the MSOL-
definable properties3, and G = {G | tw(G) ≤ t}. These last two decades, a proliferation of
algorithmic meta-theorems is reported. Let us divide them in three groups, the Courcelle-like
ones that are using a tree-based measure of graph complexity, the ones doing FO-model
checking for wide classes of graphs, and those working in less general classes but for a richer
languages L.

Courcelle’s theorem and the wide usage of tree-width and variants in several areas
motivated the search of more structural parameters that could be used in structural graph
theory, and for designing algorithms. This led to several such parameters, that are also
defined through a tree-based structure. The most-well known ones are clique-width and its
equivalent one rank-width, because they admit a Courcelle-like theorem, where the tractable
problems are those MSO1-definable, a fragment of MSOL. We should also mention mim-width
[4], which was very successful with its many algorithmic properties and applications in SAT
solvers [89, 22]. However, all these contributions arising from Courcelle’s theorem have the
disadvantage of being closely connected to tree-based measures. It has been a successful
challenge to go beyond these classes of graphs.

Among the graph classes where the above mentioned measures can be arbitrary large, we
have planar graphs, of all its generalisations: minor-closed graph classes, bounded expansion
classes, and the nowhere dense ones (see Section 1.2). For those graph classes, the expressive
power of L must be reduced, as many MSOL-definable problems are already NP-hard, when
restricted to them. Considering sparse graph classes, researchers realized that for such classes,
many problems can be solved efficiently, in particular those definable in first-order logic (FO
for short). This was confirmed, as among graph classes closed under subgraphs, it was shown
that FO model-checking is tractable if and only if the graph class is nowhere dense [56].

FO model-checking can also be performed in dense graph classes. The work initiated
in [57] for studying parameterized problems in permutation graphs had been surprisingly
generalized to all graphs and yielded the so-called twin-width parameter, defined through a
degree notion based on linear order decomposition [18]. Small twin-width graphs include
many studied graph classes, sparse and dense, including those being minor-closed, those with
bounded clique-width and many geometric graph classes, being the first of this kind. It has
been shown that FO model checking is also tractable for graphs of bounded twin-width, an
impressive generalization towards dense graph classes [18].

vertex-disjoint subgraphs in H, or having f(k) vertices whose deletions gives rise to a graph in H.
3 Monadic second-order logic (MSOL for short) is a logical language that extends FO logic and allow to

express many NP-complete problems such as k-coloring, for any fixed k, or Hamiltonicity.
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There are attempts to generalize the graph classes for which FO model-checking is known
tractable (nowhere dense classes and graphs with bounded twin-width) through new graph
complexity measures, namely flip-width and merge-width. Another way to present these
generalizations is an attempt to revisit the class trichotomy by Nesetril and Ossona de
Mendez through the lens of FO model-checking. Here, the three considered families are (1)
the structurally sparse ones which are those that are FO-transductions4 of sparse graph
classes (those are conjectured to be exactly the stable graph classes studied by Shelah, see for
instance [15]), (2) the NIP graph classes which are those that cannot produce all graphs by
FO-transductions (for those, the FPT NIP conjecture states they correspond to the hereditary
graph classes with tractable FO model-checking), and (3) the graph classes that are not NIP.
All these characterizations have connected the classification program of graph classes into
sparse vs dense with the notions of VC-dimension appearing in learning theory [95, 96, 38]
and of neighborhood complexity appearing in metric graph theory [16, 14].

1.4 Fine grained complexity and parameterized algorithms
Parameterized complexity is a framework that aims at analyzing the running times of
algorithms in finer details than classical complexity theory: rather than expressing running
times solely as a function of the input size, it also considers the dependence on one or more
parameters of the input. These parameters may be related to the solutions (e.g., their size)
or to the structure of the input (e.g., its tree-width). Hence, the meta-theorems cited above
form a particular type of parameterized algorithms. Among the desired notions of tractability,
three play a central role. To define these notions, let us assume we are dealing with a problem
whose input size is n and parameter is k. (For example, the problem could be of deciding
whether an input graph on n vertices and tree-width k contains a Hamiltonian path: here n
is the input size, and k is the parameter.) The first notion is that of slice-wise polynomial
(XP) algorithms whose running times are of the form nf(k) for some computable function f ,
which is polynomial for bounded values of k. The second notion is the one of fixed-parameter
tractable (FPT) algorithms whose running times are of the form f(k) · nO(1), which are
expected to be more efficient than XP algorithms when the parameter gets large. For both
notions, research has been conducted in obtaining the optimal such functions f , leading
to the notion of fine grained complexity. Finally, the third notion is that of kernelization,
where the goal is to reduce the instance into one whose size is bounded by a function of the
parameter. Problems admitting kernels trivially admit FPT algorithms, and so obtaining
kernels of small size is considered as a better degree of tractability.

While not being limited to graph theory, the framework of parameterized complexity
has been extensively developed in the context of graphs, as these structures offer numerous
parameters, structural properties, and decomposition features that can be exploited by
parameterized algorithms. Among the most significant developments in graph theory over
the past two decades, one can highlight the emergence of new algorithmic techniques, the
development of meta-theorems, the improvement of complexity bounds, and the use of new
structural parameters, that we briefly survey here.

Algorithmic techniques. Examples of recent successful algorithmic techniques include
the representative sets technique [51] that led to efficient algorithms for “cycle-type”

4 An FO-transduction is roughly a function from relational structures to relational structures, where the
domains and relations of the target structures are defined by FO formulas on the input structures, after
a non-deterministic k-coloring, for some fixed integer k, of the domains of the inputs.



22 Twenty Years of GdR IFM, seen from GT Graphs

problems, the cut-and-count method [32] that led to improved time bounds for a number
of connectivity and acyclic problems, the rank-based approaches allowing deterministic al-
gorithms for many cut-and-count based algorithms [6, 5] and flow-augmentation techniques
for parametrized graph cut problems [66, 67, 68].

Kernelization. After a growing line of research consisting of characterizing parameterized
problems admitting or not polynomial-size kernels, new techniques were found and have
expanded the theoretical scope of kernelization. Examples of such successful techniques
include the one of cross-composition introduced in [9], later applied in various context
such as packing problems [36].

Meta-theorems. Algorithmic meta-theorems are general results that identify broad classes
of problems which are fixed-parameter tractable (FPT) or admit small kernels when
certain structural conditions are met. These last two decades, a proliferation of algorithmic
meta-theorems is reported [37, 69], reaching the field of kernelization [8]. We already
mentioned the large classes for which FO model checking can be performed efficiently.
Further developments allow to cope with larger fragments of logic on fairly large graph
classes [54].

Parameterized approximations. The topic of parameterized approximation aims at
studying problems that cannot be solved exactly by an FPT algorithm, but that admit
an approximation within the same time constraint. It has been growing since its initial
stage [75], leading to a systematic study of classical problems such as knapsack problems
[61] or domination-type problems [64].

Fine grained complexity. Since the work of Impagliazzo et al. on strong exponential
time [60], fine grained complexity has brought a more nuanced view of computational
hardness. Influential results include [71] related to tree-width, [24] related to domination-
type problems, or [70] related to pathwidth. Fine grained complexity also considers
determining for polynomial-time tractable problem such as computing the diameter of a
graph, what is the optimal complexity of an algorithm solving this problem. A current
trend in this domains aims at finding sub-quadratic time algorithms for the diameter
problem [41].

2 New questions and new techniques

The last two decades have seen the emergence of many new questions arising from related
domains, and of many new techniques. In the following we sample a few of them.

2.1 New models of algorithms
As we have already seen, graph theory naturally raises many algorithmic questions. Over the
past twenty years, new algorithmic models have emerged, which the graph community has
naturally embraced. In addition, the tools known in graph theory provide new elements for
studying these new models. In this section, we briefly survey a few of them, from distributed
computing and temporal graphs to enumeration problems through combinatorial games.

Distributed and local computing. Since a distributed network can be modeled as a
graph, the distributed settings offer a new playground for graph algorithms, and the tools
of graph theory can be used to improve the understanding of distributed computing. Let
us take three concrete examples, among many.
1. Local algorithms have been designed for decades almost only in bounded-degree or

general graphs, but thanks to the interaction with graph theorists, this has changed and
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there are now distributed analogues of Courcelle’s theorem for structured graphs [50]
and efficient distributed approximation for minor-closed graphs [12].

2. A new point of view on graph classes has emerged through local certification, a notion
stemming from the study of distributed fault-tolerance. It gives a new measure about
how well one can check locally the structure of a graph. This has been done for example
for minor-closed classes of graphs [20] and for geometric graph classes [35].

3. The blossoming notion of universal graph is at the intersection of graph theory, where
it is a tool to understand a graph class, and of distributed computing, where it can
serve for routing and for locally encoding adjacency. For example, in [13, 42], the
authors uses the product structure theorem (see Section 2.3) to construct a universal
graph that leads to good adjacency labelling schemes for planar graphs.

Temporal graphs. A temporal graph is a graph whose edges (and sometimes vertices) are
present only at certain points in time. Temporal graphs occur naturally in transportation,
communication networks, social networks, robotics, scheduling, and distributed computing.
On the theoretical side, these graphs pose important challenges, as many classical
concepts and techniques from standard graph theory do not carry on easily. For example,
reachability based on temporal paths (paths crossing the edges chronologically) is neither
symmetric nor transitive, with important algorithmic consequences. Two seminal papers
documenting these effects are [7] and [65], showing respectively that computing a maximum
temporal component (set of vertices that can reach each other) is NP-hard, and deciding
if there exists two node-disjoint temporal paths between a given source and target is
also NP-hard, both problems being polynomial-time solvable in static graphs. Another
significant negative result is [3], showing that temporal graphs do not admit sparse
spanners in general, i.e. there exist temporal graphs with Θ(n2) edges, all of which are
critical for connectivity. In recent years, a particular effort is devoted to understanding
special cases where the above problems become tractable, for example, through the
definition of temporal graph parameters that allows for FPT algorithms (see, e.g. [47]).

Combinatorial game theory. These games involve (generally) two players that take turns
on a common board with perfect information. Typically, Alice and Bob alternately select
vertices of an hypergraph, Alice wins if eventually she gets all vertices of an hyperedge
and Bob wins otherwise [90]. This general definition of combinatorial games is intimately
related to graphs and some of the most famous such games (Hex, Tic-tac-toe) are actually
games played on grids. Recent progress have been done showing that such games are
PSPACE-complete (resp., polynomial) when hyperedges have size 6 [85] (resp., 3 [52]).
During the last decades, many combinatorial games defined through graphs have been
studied [39, 40], leading to a better understanding of the complexity of these games and,
in particular, of their many winning conventions (e.g., Client-Waiter [53]) and their link
with reconfiguration [59]. The current research focuses on the limits of the tractability
of these games, namely, given a game defined through graphs, in which graph classes it
becomes polynomially solvable? Recently, these games have also been considered through
the parameterized complexity point of view [17].

Algorithmic enumeration. Algorithmic enumeration is a cross-cutting theme that does
not apply only to graphs. Many enumeration problems come from applications in BDD [73],
bioinformatics [74], chemoinformatics, data mining, etc. The key issue remains whether it
is possible to enumerate the minimal transversals of a hypergraph in output-polynomial
time, the best time known to date being output-quasi-polynomial [46]. Nevertheless,
there have been significant results in enumeration that have made it possible to solve
algorithmic problems in graphs. For example, the Proximity Search technique [29] has
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solved the enumeration of maximal subgraphs for a large number of classes admitting
orders (chordal graphs, degenerate graphs, etc.), but is not restricted to graphs. Recently,
new lines of research have emerged in enumeration: parameterized enumeration and
approximate enumeration. We refer to the following survey presenting the computational
complexity of enumeration problems and the status of many of them [92].

2.2 Probabilistic method and extremal graph theory
The probabilistic method is a central tool to prove results in (extremal) graph theory and
prove the existence of some structures. Although these methods have been known for many
years, recent advances have led to new results and proven certain conjectures. Here are a few
examples illustrating activity in this area over the past twenty years.

The constructive proof of the Lovasz’s Local Lemma by Moser and Tardos in 2010 [77] –
also known as the entropy compression method – has been widely used in graph theory,
in particular to prove better bounds on colorings and, more generally, on the existence of
certain structures in graphs. Recent refinements to this method [87] have yielded even
more accurate results.
In 2014, Bukh [23] presented a random algebraic method to obtain random constructions
that are more rigid than with uniform random graphs. The analysis is more difficult
and uses profound results from algebraic geometry. Another slightly different approach
consists of starting with a rigid algebraic structure (a projective plane, for example), and
then applying operations randomly. One of the most spectacular applications of this
approach is the new lower bound on the Ramsey number R(4, t) [76].
The Kahn-Kalai conjecture, proposed in 2006, about the expectation threshold for random
graphs has been proved in 2024 by Park and Pham [83]. The result and the technique
introduced in the proof have already numerous consequences in probabilistic graph theory.
Probabilities have also been used to make important progress on big conjectures of graph
theory. For example, the Erdős–Faber–Lovász conjecture5 has been proved in 2023 for
large n using Rödl’s niddles that are constructions of large matchings with an iterative
probabilistic procedure [62].

2.3 Product structure theorem and applications
In 2019, Dujmović, Joret, Morin, Micek, Ueckerdt, and Wood proved an unexpected result,
the so-called product structure theorem [44]. It asserts that every planar graph is a subgraph
of a graph of the form P �H, the strong product of a path and a graph of bounded tree-width.
This structural theorem has been extended to several graph classes, such as graphs embedded
on surfaces or graphs admitting an embedding with few crossings per edges.

This result allowed many advances on several longstanding open problems concerning
planar graphs. Among others, it allowed proving that :

Planar graphs have bounded queue-number [44], that is a vertex ordering and an edge
partition into boundedly many queues (conjectured since 1992).
Planar graphs can be colored non-repetitively with a constant number of colors [43]. In
this type of coloring, for every even path P , the sequence of colors appearing along the

5 This conjectures states that a graph made of n cliques of size at most n that intersect two-by-two on at
most one vertex is n-colorable.
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first half of P is distinct from the one of the second half. This problem was open since
2002.

Quantitatively, the product structure theorem allowed improvement on the number of
colors for p-centered colorings [34], on the treedepth fragility [45], or on the size of the
adjacency labelling schemes [42]. These results respectively improve the complexity of
some parameterized algorithms, speed-up approximation algorithms, and reduce memory
requirements in distributed algorithms.

2.4 Computer-assisted graph theory
One of the most famous results in graph theory, the Four Color Theorem, has a proof that
contains several computer-assisted parts. With the increase of both memory capacity and
processor efficiency (and parallelization), the magnitude of the possibilities for computer
assistance has exploded in the last 20 years.

The computer assistance can be found in various contexts within graph theory. First, fast
generators have been developed to generate all graphs from a given graph class exhaustively,
taking the maximal size of a graph as an input. They are then used to test claims of the form
“every graph with property P1 also has property P2”, or to find the smallest counterexamples
to such a claim. Secondly, graph databases (such as the House of Graphs) [30] are available
for the researchers so that they can search for a graph with specific properties. Thirdly,
various methods have been developed to test specific properties in graphs, which are usually
computationally hard, for graphs of reasonable size. Those, are usually based on mixed
integer linear program solvers, semi-definite programming solvers and SAT solvers.

Here are a few notable examples where computer assistance was essential to check a
simple property many times.

A famous problem of Hadwiger and Nelson asks for a minimum number of colors needed
to color the plane such that no two points at distance 1 receive the same color. Colorings
with seven colors are known, and examples of finite unit-distance graphs that need four
colors have been known since the 60s. The lower bound was raised to five in 2018, when
Aubrey de Grey found a 1581-vertex, non-4-colorable unit-distance graph, heavily relying
on computer assistance to check the properties of the gadgets used in his construction [33].
For the proof of the Barnette-Goodey conjecture [63] (stating that every 3-connected
cubic planar graph with faces of size at most 6 is hamiltonian), the computer assistance
was succesfully used to rule out a large number of rather small graphs.

There are also cases where the computer assistance lies more in the core of the proofs.
For example, in [19] the authors used a routine based on linear programming to construct
a set of “discharging rules” leading to progress on Wegner’s conjecture about the distance
2-chromatic number of planar graphs with bounded maximum degree. In [88], the author
uses the MSOL description of some graph properties, and multilinear algebra, to obtain tight
asymptotic bounds on the number of many natural substructures of trees, with respect to
their number of vertices n.

Proof assistants also have a history in our field. A little more than twenty years ago,
a certified proof of the Four Color Theorem was obtained using Coq (now called Rocq).
Today, LLMs enable better navigation in the literature, thereby enhancing researchers’
work [55]. There are also a few examples of certified proofs that combine an LLM with a
proof assistant [94]. It seems likely that these developments will have a major impact over
the next twenty years.
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1 Context

Quantum computing is a quite young field of research, initiated in the early 80’s when
Feynman expressed the idea of using well-controlled quantum systems to simulate quantum
physics, and which really took off in the mid 90’s when Shor and Grover devised quantum
algorithms that have a better complexity than their classical counterparts, respectively for
prime factorisation and for the unstructured search problem. This aspect constitutes one of
the best motivations for the field: the prospect of solving some problems more efficiently
than what is possible classically, potentially exponentially so, depending on the problem at
hand.

Quantum computing is also peculiar in that on the one hand, it covers a vast area of
computer science – algorithmics, complexity theory, cryptography, error correcting codes,
formal methods, artificial intelligence, ... –, and on the other hand, it is in close contact with
physics. Indeed, the existing quantum computers are still in their infancy, and working with
them efficiently for practical applications requires a deeper understanding of the underlying
physics than what is required nowadays on a classical computer.

Long considered a relatively niche and quirky area of research, quantum computing has
gained in traction over the past two decades, both in the academic and the industrial worlds.
In the first, this is well illustrated by the surge in research positions in the domain, the
integration of quantum computation to master programs, or even the creation of dedicated
master programs to the topic, the development of conferences and workshops, etc... On
the industrial side, big companies such as Google, Microsoft, IBM, Amazon, or Atos/Bull
in France have started a serious quantum-related activity, while several startups have
been brought to life, such as, just in France, Quandela, Pasqal, Alice&Bob, C12, Quobly,
Welinq, ColibriTD, VeriQloud, etc... On top of these several big actors (EDF, Total, Crédit
Agricole, ...) have begun monitoring developments in quantum computing technology in
order to better assess the potential benefits of such technology for their businesses. All this
now constitutes a rich ecosystem, fostered by recent, massive public and private funding (see
e.g. the “Plan Quantique National”).

2 Quantum algorithms and complexity

The development of quantum algorithms has been a driving force behind the rapid advance-
ment of quantum computing since its early stages. While the field began with quantum
algorithms for toy problems [53, 130], some of the main quantum algorithms, even after all
progress in the field, are the foundational quantum algorithm to factor numbers in polynomial
time [129] or unstructured database search [78].

In the 2000s, theoretical advancements focused on refining and generalizing quantum
algorithms, often with ideas that are inspired both from Computer Science and Physics.
Techniques that were fundamental in the first quantum algorithms were refined, generalized
and culminated into more general technique that could be applied in different contexts, such
as the quantum Fourier transform, which has fundamental to quantum learning theory [13],
and the quantum amplitude amplification/estimation [21], that gives a quadratic speedup
on “sampling” from a desired event. We also saw the development and consolidation of
models of computation that had far-reaching applications such as Adiabatic Quantum
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Computing [63] or Quantum Walks [4]. In adiabatic quantum computing, we encode the
solution of a (potentially hard) problem into a Hamiltonian, a physical object that describes
the evolution of quantum systems, and its groundstate, the state that minimizes the energy
of the Hamiltonian. However, finding the groundstate of such a Hamiltonian directly is
itself a hard problem. Adiabatic quantum computing offers a solution for it: we start from
the groundstate of an easy Hamiltonian, and gradually turn it into the groundstate of the
Hamiltonian of interest. Initially proposed for solving specific optimization problems, it
was later shown that adiabatic quantum computing is an universal model for quantum
computing [63], and it is a building block of modern frameworks such as VQE and QAOA
that we describe below. Quantum walks emerged as a powerful framework within quantum
algorithm design, offering a quantum analogue to classical random walks. Unlike their
classical counterparts, quantum walks leverage superposition and interference to explore
complex spaces more efficiently, enabling exponential speedups for certain problems [38] and
they have found applications in a wide range of areas. We also have seen the proposal of new
algorithmic techniques, such as HHL [82], an algorithm for solving linear systems of equations
exponentially faster than classical methods, paving the way for more recent applications
in machine learning and data analysis [92, 20]. Moreover, quantum algorithms also played
a key role in the development of post-quantum cryptography, both from a cryptanalysis
perspective, and as a tool to provide security proofs, such as celebrated the worst-case to
average-case quantum reduction by Regev to support the hardness of LWE [121].

The 2010s and 2020s marked the beginning of the Noisy Intermediate-Scale Quantum
(NISQ) era, characterized by the availability of quantum computers with limited qubits and
high error rates. This era shifted the focus to hybrid quantum-classical algorithms, which
combined quantum and classical computing to mitigate hardware limitations. Algorithms like
the Variational Quantum Eigensolver (VQE) [119] and the Quantum Approximate Optimiza-
tion Algorithm (QAOA) [62] were developed to tackle optimization and quantum chemistry
problems, making quantum computing more accessible for near-term applications. The rise
of quantum machine learning also gained momentum, with algorithms such as Quantum
Support Vector Machines (QSVM) [120] and Quantum Neural Networks (QNNs) [125] ex-
ploring the intersection of quantum computing and artificial intelligence. Interestingly, some
of these quantum machine learning algorithms have been later dequantized [134], leading
to new efficient classical algorithms for a variety of problems. Moreover, new tools and
frameworks, such as Quantum Singular-Value Transformation (QSVT) and block-encoding of
matrices [72], provide a new conceptual way of developing quantum algorithms, and provide
a significant improvement for important physical tasks such as Hamiltonian simulation.

From a complexity perspective, we have seen many fundamental results in the early
2000s. With Kitaev’s seminal result on defining QMA, the quantum version of NP, and
proving that the local Hamiltonian problem, a natural problem in condensed matter physics,
is QMA-complete [96], initialized the field which is now called Hamiltonian complexity [70].
This field has gained a lot of attention since it not only allows us to study problems related
to complexity theory and hardness of approximation, but also enables the study of the
structure in low-energy states of interest from a Physics perspective. In parallel, we have
also seen the development of techniques for proving lower-bounds in the quantum setting in
different setups such as query complexity [9, 17] and communication complexity [32]. Such
techniques have also influenced other fields in classical TCS, e.g., it has been shown, via
lower bounds on quantum communication complexity, that TSP requires superpolynomial
linear programs [65]. In the 2010s, we have seen the development of Hamiltonian complexity,
and the study of the quantum PCP conjecture [5]. The classical PCP theorem connects
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many key topics of classical complexity theory: hardness of approximation, efficient proof
verification, hardness of finding the best game strategies. One of the most important open
questions in quantum complexity theory today states whether a similar conjecture also holds
in the quantum setting. We have also seen the development of quantum interactive proof
systems, which extend NP and adds interaction between polynomially bounded verifiers and
unbounded provers. Using techniques from classical optimization, it has been shown that
in the single prover case, quantum and classical interactive proof systems have the same
computational power [87]. However, in the multi-prover case, we have seen the breakthrough
result that multiple untrusted entangled provers can be used to prove even undecidable
problems such as the Halting problem [89]. This has not only profound implications for
complexity theory, but one of its main consequences is to disprove the long-standing Connes
embedding conjecture in Operator Algebra that had been open for decades [137].

3 Quantum cryptography and communication

Quantum cryptography emerged as an area of interest following the invention of quantum
key distribution (QKD) [18] in the 1980s, marking a pivotal moment in the history of
cryptography. The development of QKD represented a significant leap forward, introducing a
method by which two parties could share a secure key over an insecure channel without any
risk of interception by eavesdroppers. Since its inception, the field of quantum cryptography
has expanded rapidly, addressing many privacy related problems that classical cryptography
was previously unable to solve. A prominent example is the concept of quantum money [140],
which presents a groundbreaking approach to using the “no-cloning” principle of quantum
physics to create digital currency that cannot be counterfeited. As quantum cryptography
has continued to evolve, it has been realized that information-theoretic security (i.e. security
against even unbounded adversaries) also has its limitations in the quantum setting [106, 109].

In the 2000s, the field of quantum cryptography was mainly focused on improving the
security and the efficiency of QKD protocols. First of all, there was a lot of effort in defining
the desired security definitions [123], pushing protocols closer to practical setups [77] and
proving their security – which sometimes come many years later [102]. Many of these
improvements, which are still currently being pushed forward, come from redefining notions
of information theory to the quantum setting [141], leading to a plethora of quantities
such as quantum entropies and divergence, that enable tighter security proofs leading to
improvements on QKD rate. Secondly, there has been a lot of effort in finding models under
which we can achieve cryptographic protocols with provable security. Two examples of these
directions are the bounded storage model [47], where the adversary has only limited quantum
memory, or verifiable delegation of quantum computation: a classical client is able to delegate
some quantum computation to a quantum server, who can solve the computation and prove
to the client that the output is correct. The first protocols managed to prove this type of
result but with clients with limited quantum resources [27, 66, 26, 7].

In the 2010s and 2020s, there was an impressive growth of the field, which branched in
many directions. Firstly, new security notions such as device-independence, allowed us to
find protocols where we have minimal trust in the quantum devices used in cryptographic
protocols, e.g. in QKD [136] or to achieve protocols for verifiable delegation with quantum
computation by classical clients [122, 44]. Secondly, inspired by classical cryptography, there
was a big development on quantum cryptography under computational assumptions. Here,
the goals are two-fold: to provide quantum protocols for classical functionalities while relying
on a weaker computational assumption [76, 16], but also to provide protocols for quantum
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functionalities [58, 55]. Within this research direction, it has been realized that considering
assumptions that are inherently quantum (such as the existence of pseudo-random states),
we can have computational cryptography even if P = NP [88, 100], which cannot be done
classically. There is an intense line of research in quantum cryptography to understand the
difference of variants of quantum cryptographic assumptions, and in particular to find the
minimal one. Finally, there was also the “reborn of uncloneability". It has been shown that
the fact that quantum states cannot be generically cloned can be used to achieve many more
applications than just quantum money schemes, and we have today many protocols with
one-time properties, i.e. we can prove that their functionalities can be used a single time [80],
with uncloneable properties [29, 146], where the information is exclusively revealed to a single
party, or even with certified deletion, guaranteeing that an untrusted party has destroyed
information [28].

4 Quantum error-correction and fault-tolerant quantum computation

As quantum hardware is expected to be quite noisy, hence prone to errors, it is paramount
to try and mitigate them. The first quantum error correcting code is due to Shor in the 90s,
who showed in particular that through measurements, continuous errors could actually be
brought to only two kinds of discrete errors: bit-flips and phase-flips. Over the years, many
new error correction schemes, that heavily rely on the theory of classical codes, have been
proposed [103, 14, 60, 105]. Notice that to have a good, practical error correction scheme, it
is not enough to have a good code, as one also needs to efficiently decode it (which in all
generality is an NP-hard problem for linear codes).

CSS codes are special cases of quantum error correcting codes, that can be built out
of two classical linear codes, making their study easier. This constitutes one of the most
studied classes of codes. To date, one of the codes that seems the most promising – and
which turns out to be a CSS code –, due to its conceptual simplicity, its good theoretical
performance, and its compliance with most reasonable qubit layouts, is the surface code
[67]. It was introduced in the early 2000’s, building on top of Kitaev’s toric code [97], and it
encodes a single logical qubit into an array of n× n physical qubits – the size of the array
allowing us to control the error tolerance of the scheme: the code distance scales as

√
n.

This scaling capability is however not on par with the best classical codes, whose distance
and number of logical qubits scale linearly with n. A lot of effort has hence been devoted
to the study of low-density parity check codes [23], which benefit from efficient decoding
algorithms and can approach channel capacities in the classical case. A breakthrough
was [135] that shows that quantum LDPC codes may have both a non-vanishing rate1 and
a better-than-logarithmic distance. The question of the existence of an LDPC code with
linear rate and linear distance was open for a long time and only positively answered in
2021 [113, 104].

This is particularly important if one wants to overcome the threshold problem [6, 99]:
applying an error correcting scheme implies applying to the quantum memory some additional
quantum gates, which themselves can bring new errors, hence, for an error correcting code
to be useful on a given hardware, the error rates of the gates have to be below a certain
threshold. The threshold of course depends on the chosen scheme and its properties. The
threshold theorem has been extended in [64] for constant-overhead fault-tolerance using
expander codes.

1 the ratio of the number of logical qubits over the number of physical qubits
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A recent avenue for obtaining better such threshold is dynamical codes, such as Floquet
codes [83, 54] i.e. stabilizer codes (themselves a generalisation of CSS codes) that evolve over
time. They may circumvent certain no-go theorems that apply to static stabilizer codes,
exhibit reduced complexity in error detection, can often be implemented on lattices with low
qubit connectivity and employ simple, two-qubit measurements.

Quantum error correction obviously benefits from results in its classical counterpart, but
it so happens that the converse is also true. For instance, a result on locally decodable
codes was provided in [91], following a quantum argument. Since then, several results in
quantum error correction have been provided hand-in-hand with their classical counterparts
(e.g. [25, 113]).

An important aspect of error correction is the ability to translate an algorithm or protocol
defined on ideal logical qubits, into the encoded realm (e.g. a logical 1-qubit gate will translate
into a series of logical gates on the array of qubits used for the surface code). Most error
correction schemes natively handle a non-universal subset of gates (called Clifford gates), and
need an extra push to reach universal computation. This additional computational resource
is usually provided as a state (called magic state) [35, 71], which is then incorporated into
the circuit. Providing this resource as a state allows us to better control the quality of that
resource. Since magic states are usually hard to create, they may go through a round of
distillation, whereby we take several low-quality magic states and create a better-quality one.
Interestingly, this process itself uses error correcting codes.

With the advent of actual quantum computers, an obvious goal for manufacturers was to
reach the threshold for a given error correction scheme using their hardware. This achievement
has only recently been announced for the first time [60].

Physicists have also approached the problem of qubit robustness, and have proposed
new physical implementations of qubits that allow to correct errors at a more fundamental
level. The cat qubit [61], for instance, is a quantum harmonic oscillator that makes use of
its coherent states as its logical 0 and 1 states, and which at a more abstract level can be
considered as a qubit that is free from phase-flip errors. In such systems, one can go back to
classical codes to correct for the remaining type of errors (bit-flips).

With such a setup that is easier to handle, a manufacturer with fault-tolerant quantum
computation as its goal can more easily try to co-design its chip together with an error-
correcting scheme. Since the qubit layout will most probably remain 2-dimensional (array-like),
one may use the 2nd dimension in the case of the cat-qubit as a way to implement 2D
classical codes [124].

5 Programming languages and compilation

Twenty years ago, several programming languages were already introduced [126], trying to
identify and promote concepts deemed useful for quantum computation, that would allow
the programmer to abstract away from the low-level inner workings of a putative quantum
computer, and reason at a more conceptual level. A few imperative approaches existed at
the time, that introduced run-time checks to ensure the validity of the execution of the
program. This approach arguably raises several problems, first due to the probabilistic nature
of quantum computation (is there an error because of a bug in the code, or because the
quantum data unexpectedly changed?), and second because of the cost of quantum resources:
one may prefer to classically and statically check the program before it is run on a quantum
machine. This is allowed by functional programming languages.

All of these prototypical programming languages were either theoretical constructions
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meant to study the properties of the concepts used as commands for the language, or simply
lacked the ability to program large-scale algorithms. One of the first practical programming
languages that overcomes this scalability issue is Quipper [75]. It is a higher-order functional
programming language embedded in Haskell, and it comes with a categorical semantics.

Several scalable programming languages have since then been developed, often linked
to a specific platform (Qiskit, developed and used by IBM, Q# by Microsoft, MyQLM by
Atos/Eviden, Cirq by Google, Perceval by Quandela...). These usually have a preferred gate
set (driven by the quantum hardware they interface with), and have to compile, in their own
way (e.g. [132, 84]), the high-level code provided by the user to this set of gates. On top of
complying with the imposed gate set, one has to account for the topological constraints of the
quantum chip: indeed, physically, qubits have a given geographical location, and multi-qubit
gates usually cannot be applied on qubits that are far apart. Solutions to this problem often
use heuristics to classical optimisation problems, e.g. from graph theory in [131].

Since the lifetime of quantum memory is short and quantum gates may incur new errors,
it is paramount to make the quantum circuit we want to execute as short as possible (without
changing the results of the computation). Different metrics exist, depending on the setting
and the kind of errors we want to avoid the most: circuit depth, circuit size (or gate count),
number of ancillas (the additional qubits that are used for storage during the computation), ...
Quantum volume is a more recent notion that takes into account both the full memory size,
and either the depth or the gate count, leading to a more practical metric that one wants
to minimise when optimising a circuit, but which is also used by manufacturers to gauge
the quality of their device [46] (they look at the maximum volume they can get before the
error rate becomes prohibitive). On most fault-tolerant architectures, the Clifford subset
of gates is much simpler to implement than the others, it is hence customary to try and
optimise the non-Clifford gate count. In other settings, two-qubit gates incur more errors
than single-qubit ones, hence we are interested in those cases in the two-qubit gate count. In
certain fragments of quantum computation, optimisation is fairly simple and can be done in
polynomial time [143, 108], in other cases, heuristics are being sought to reach a better but
non-optimal result [10, 110, 31].

Many quantum algorithms require very fine rotation gates (e.g. the QFT in Shor’s
algorithm that requires the π

2n on n− 1 qubits). Such gates are believed to be very hard to
implement, especially fault-tolerantly. Thankfully, the Solovay-Kitaev theorem [95] provides
a way to turn any such ideal circuit into a circuit that uses a fixed (universal) gate-set with
a very good gate-count w.r.t. the target accuracy of the transformation. This complexity has
even been improved for specific gate sets, such as Clifford+T [127].

Compilation is also concerned with integrating classical data (part of the problem’s
parameters) into the quantum circuit. A main historical such component is the so-called
quantum oracle, which, given a boolean function f , implements either |x〉 7→ (−1)f(x) |x〉 or
|x, y〉 7→ |x, y ⊕ f(x)〉, for which there now exist several synthesis methods (e.g. [68, 144]).

Other such primitives include state preparation (encoding a given vector into a quantum
state) [74, 148], or block-encoding (encoding an arbitrary given matrix as part of a quantum
circuit) [133]. These last routines have recently gained interest because of their use in the
powerful QSP and QSVT algorithms [73].

6 Formal methods and models of computation

Formal methods for quantum computation arose when the first quantum programming
languages were defined, and needed to be given a semantic. As discussed above, some of
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their most important motivations is the analysis and providing of guaranties to quantum
programs, in a classical manner.

Theoretical quantum programming languages, such as the quantum λ-calculus [128],
can be defined specifically with a given set of paradigmatic features in mind (linearity,
higher-order, ...). It is then possible to study the properties of such sets of features, and
ensure some properties on the language and its semantic, such as type safety, soundness
(the fact the semantic cannot identify observationally different programs), full abstraction
(the fact that the semantic identifies two programs if and only if they are observationally
equivalent, see e.g. [40] for the result for the quantum λ-calculus). Although not meant
to be practical, these may serve as foundations for programming languages such as those
mentioned in the previous section.

One may for instance make use of deductive verification (using Hoare triple) together
with an intermediate language to give and check specifications, as in the QBricks system [37],
where algorithms such as Shor’s were verified using the Why3 proof assistant. Other
verification frameworks make for instance use of Rocq [115]. Other methods to improve the
trust in the fact that an implementation is bug-free include type systems [48] and abstract
interpretations [118, 145]. One may also make sure that the cost of the quantum circuit that
is being built is under control, for instance by using implicit complexity (being able to write
the program in a dedicated language ensures the polynomial time of the execution [81]), or
by assigning a semantic to the program that takes this cost into account (e.g. [15]).

Formal methods are also being used to verify or certify the classical processing of the
program. For instance, certain optimisers for quantum circuits has been checked using the
Rocq proof assistant [85].

Low-level formal methods are interested in the gate-based behaviour and verification of
quantum circuits and similar graphical representations. Quantum decision diagrams [142]
for instance make use of a weighted version of decision diagrams – usually used for boolean
function analysis – to perform equivalence checks of quantum circuits. They have been used
to check the compilation flow of the Qiskit software [33]. More complex automata-based
structures (e.g. [3]) are also being investigated and provide very good results.

The equations that govern the behaviour of quantum logic gates can be used to perform
verification or to simplify the circuits we consider, by simple local manipulations of the circuit.
It is natural to wonder whether a given set of such equations entirely captures the semantical
equivalence of circuits. This central property is called the completeness of the equational
theory. The first complete presentation for quantum circuits was only given recently, in
2023 [42]. Interestingly, it derives from an analogous result in linear optics. The result has
since been improved [41], to reach minimality: the fact that none of the equations in the
presentation is a consequence of the others.

Category theory has been used to provide alternative representations of quantum processes,
in a way that in particular eliminates the rather rigid unitarity constraint, leading to the
family of ZX-like calculi [43], whose main feature is the ability to deform the diagrams
(representations of quantum operators) at will, without changing their semantics. In practice,
such diagrams get rid of a lot of bureaucracy and become easier to manipulate than circuits.
Completeness has also been one of the focuses there [138], and on top of verification [116],
these can be used for instance in circuit optimisation [56, 93] and emulation of quantum
circuits [94], or as it was first intended, to bridge between different models of quantum
computation [57, 50, 36].

Indeed, the prominent way to devise and represent computations, the circuit model, is not
the only one at our disposal. In this model, the focus is put on the unitary part (i.e. where
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there is no interaction with the environment), as measurements can be deferred to the very
end [111]. Another model of computation, the measurement-based model, instead pushes
the core of the computation to the measurements, after a round of entangling gates [24].
Due to the probabilistic nature of measurements, the question of performing deterministic
computations by applying corrections later in the execution has become central. Solutions to
this question interestingly serve as a way to turn from a measurement-based scheme to a
full-fledged quantum circuit [49, 30]. We may also mention the topological quantum computer
which performs computations by manipulating anyons and swapping them [98] (although
the existence of the kind of anyons required here is still unsure, but now benefits from good
evidence [86]). Since this operation is non-involutive, computations can be modeled by braids
from knot theory.

We have already mentioned adiabatic quantum computing in the context of algorithms
and complexity, with results like [8] showing its polynomial equivalence with quantum circuits,
hence providing a bridge between the continuous and the digital worlds. Another such bridge
can be made by discretising the continuous space-time and simulating the evolution of a
quantum system using circuits. This results in quantum cellular automata, whose local
functioning is very simple, and from which emerge the physical phenomena one wants to
simulate. The main concern of quantum cellular automata is quite naturally to ensure that its
evolution converges to the simulated one when the time steps and space steps tend to 0 [12].

We close this section by mentioning a way to generalise quantum circuits that came to light
in recent years: the capacity, allowed by quantum theory, to have superpositions of orders of
execution of operators [39, 101], not only of data. The study of indefinite causal order is an
ongoing research topic that may redefine the way we think about quantum computation, and
with potential far reaching consequences, for instance due to its link with quantum gravity [52]
(to quickly explain that link, relativity tells us that masses bend space-time around them,
but quantum theory tells us that a particle may be in a superposition of two different places,
resulting in a superposition of two space-time curvatures, where the causal order of two
distinct events may be different). The most prototypical example of this new resource is
the quantum switch, which, given two circuits U and V and an input state |ψ〉, applies a
superposition of the two possible orders of U and V to |ψ〉, i.e. |ψ〉 7→ (αUV + βV U) |ψ〉.
Physical realisations of this have been performed, although it is still debated whether it really
is the quantum switch that was implemented or merely a simulation of it. A generalisation of
the quantum switch may be used to show that indefinite causal orders yield a computational
advantage over fixed-ordered quantum computations [11].

7 Near-term algorithms and quantum advantage

With the development of quantum devices, we have achieved what is called the NISQ area,
where we have Noisy Intermediate-Scale Quantum devices. While these devices are not
sufficient for implementing quantum algorithms with provable advantage such as Shor, HHL,
and others, they are a landmark on the progress on quantum technologies and they open an
era where we can start to investigate the behaviour of quantum devices in practice.

More concretely, with access to quantum devices, we can now start to study how quantum
heuristics behave to solve problems of interest in practice. For example, the variational
algorithms (see above) have been developed to accommodate these limitations. They use
short, parameterised quantum circuits whose parameters are to be optimised classically.
These can in theory be applied to many problems, but they face many challenges (in particular
the so-called barren plateau, where the parameters’ optimisation seems to be stuck in a local
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but not global optimum). Lately, they have drawn attention for their potential for machine
learning [45], they seem to be well designed for quantum chemistry (i.e. simulating chemical
systems) [79].

The promise of solving some problems more efficiently quantumly than classically, has
fueled the development of quantum computers, together with the definition of relevant
problems for such demonstration, and provides a good way to assess the validity of a
quantum device. The goal is to perform a computation on a quantum computer, that would
take much longer classically – the precise scales vary from an author to the other, but think
a few minutes quantumly vs at least thousands of years classically.

Theoretically, finding a suitable problem relies heavily on complexity theory. One such
problem is Boson Sampling [1], which can be physically setup by, say, scattering photons
through linear interferometers. This problem is related to computing permanents of matrices,
a known hard problem, and it has been shown that an efficient simulation of the Boson
Sampling problem would imply the collapse of the polynomial hierarchy to its third level.

Since 2019, several platforms have claimed to have reached quantum supremacy with the
Random Circuit Sampling setup, starting with Google [59]. There is still some discussion as to
whether this milestone really has been crossed, for several of these claims have been hindered
by the existence of good classical simulation algorithms that brought the computation time
to reasonable scales. These usually use tensor networks, and exploit the fact that current
quantum computers are still very noisy [147].

8 Quantum HPC

The advent of the NISQ era has underlined the need for powerful classical resources to run
hand in hand with the quantum algorithms. Some of them (like the variational ones) require
a heavy classical treatment to optimise quantum circuit parameters [139]; others use the
quantum primitives to get a rough estimate of the solution of a problem, that can then be
refined classically, or with several backs-and-forth with the quantum processing unit [112].
Many numerical stability issues arising in quantum algorithms such as QSVT, HHL and
variational solvers could be mitigated by the use of HPC-inspired methods, or by cleverly
interfacing the classical and quantum parts. HPC may also be used in the preprocessing
step, where for instance circuit synthesis may prove rather resource intensive [114, 51].

Since the NISQ-era computers are very limited in memory size, cutting the circuit we
want to execute into chunks and stitching together the results obtained on each smaller
circuit has been proposed [117, 107]. Finding the best spots to cut the circuit, and dealing
with the data, requires large and fast classical capabilities.

In the LSQ era (the large-scale, fault tolerant era), it is expected that performing error
correction will require fast classical methods to not hinder the quantum part. Some schemes
have already been proposed with HPC methods in mind [105].

More pragmatically, HPC has already been used to simulate quantum circuits (as pointed
out above). Different methods have been explored for that purpose, the most naive (although
amenable to many optimisation possibilities) is the state-vector, where an n-qubit quantum
state is represented by a 2n-sized complex vector, and the application of quantum gates
results in modifications in the vector [90]. Another method is that of tensor networks,
where the state is represented by a set of multidimensional matrices connected together
following a predefined topology. This structure may be more amenable to simulate the effect
of quantum operators, and benefits from efficient data compression [19]. Other methods
include stabiliser-based simulation, whereby we use the fact that the Clifford fragment is



42 Twenty years of GdR IFM, seen from GT IQ

efficiently simulable [2], so we try to decompose the non-Clifford parts as linear combinations
of Clifford parts. This method has the benefit of scaling exponentially with the number of
non-Clifford gates rather than the number of qubits [22].

Finally, developments have already started in the integration of quantum computing
in the workflow of HPC developers. For instance, the Q-pragma [69] is a C++ framework
developed to offload specific tasks to the quantum processing unit. Workflow abstractions
and workflow management are being investigated [34] to propose the best ways to interact
with the QPU.

9 Conclusion

The field of quantum computing has boomed over the past 20 years, following the advent
of actual quantum computers. Once an almost completely theoretical field, it now evolves
hand-in-hand with experimenters, who can now test some of the theoretical results, and
pose new problems. The putative large-scale quantum computing era, where virtually any
quantum algorithm or protocol can be implemented using fault-tolerant schemes, promises
powerful results, as well as interesting new challenges, in the way we program, verify, or
implement such algorithms.
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Les vingt ans du GdR IFM, vus du GT
«Calculabilités »

Les thématiques fédérées par le GT Calculabilités du GdR IFM s’inscrivent dans une
tradition centrale de la recherche en informatique théorique et en logique mathématique :
comprendre les limites fondamentales du calcul, leurs variations selon les modèles, et leurs
interactions avec d’autres domaines des mathématiques.

Si le GT en tant que structure n’a qu’une dizaine d’années 1, les axes scientifiques qu’il
rassemble constituent un fil directeur majeur des activités du GdR IFM sur cette période,
avec un approfondissement constant des résultats et une diversification des modèles étudiés.

1 Calculabilité classique, logique et degrés

Un premier socle scientifique concerne la théorie classique de la calculabilité et ses liens
profonds avec la logique. Les travaux menés sur les hiérarchies arithmétiques et analytiques,
les degrés de calculabilité et les relations de réduction ont permis d’affiner considérablement
la compréhension des frontières entre décidabilité, indécidabilité et définissabilité. Au cours
des vingt dernières années, plusieurs contributions ont mis en évidence des séparations fines
entre notions de calculabilité proches, ainsi que des phénomènes de non-robustesse sous
relativisation ou sous contraintes de ressources, montrant que des variations apparemment
mineures dans les modèles peuvent entraîner des changements profonds de pouvoir de calcul.
Par exemple, les méthodes utilisées pour comprendre le problème de Post, à savoir l’existence
de problèmes qui ne sont ni calculables ni calculatoirement énumérables, ont été approfondies
et bien mieux comprises. On est passé d’un système à priorité à un système calquant les
mécanismes de forcing utilisés en théorie des ensembles, permettant de ne plus avoir à décrire
les mécanismes de calculs pour se concentrer sur ce qui est calculé.

Dans cette dynamique, les interactions avec les mathématiques à rebours et la combinatoire
effective ont joué un rôle structurant. Partant d’un énoncé de combinatoire (e.g. si on colorie
en deux couleurs les arêtes d’un graphe infini, il existe un sous-graphe induit infini mono-
chromatique), on cherche d’une part à trouver les axiomes minimaux de l’arithmétique du
second ordre permettant de prouver ce résultat, et d’autre part à comprendre sa nature
calculatoire (e.g. l’ensemble mono-chromatique est-il calculable si le graphe est calculable ?).
Ceci permet de relier des principes combinatoires précis à des niveaux bien identifiés de
calculabilité, offrant une lecture computationnelle de résultats logiques fondamentaux, et
renforçant le dialogue entre logique mathématique et théorie du calcul. Cette perspective est
particulièrement visible dans l’étude systématique de théorèmes de type Ramsey – l’exemple
précédent correspondant au théorème de Ramsey pour les paires [19] – et montre comment
la calculabilité se lit à travers des hiérarchies fines et des séparations délicates.

Un second fil directeur a porté sur l’articulation entre hasard effectif et degrés / généricité.
Mathématiquement, il existe plusieurs façons de dire qu’une propriété est vraie presque
partout : d’un point de vue mesurable (l’ensemble des points où elle est vraie est de mesure
pleine) ou topologiquement (l’ensemble des points où elle est vraie est un ouvert dense), qui
ont toutes les deux leur pendant calculatoire. Sur ce sujet, des résultats identifient précisément
ce que des oracles aléatoires permettent (ou ne permettent pas) de calculer en matière de
généricité, et réciproquement [3].

1. La première édition des journées du GT ont eu lieu à Fontainebleau en 2015.
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2 Calculabilité sur les réels et analyse effective

Un axe majeur des vingt dernières années concerne la calculabilité sur les structures
continues, c’est-à-dire des structures mettant en jeu des éléments ayant la cardinalité des réels.
Les travaux sur l’analyse effective et la calculabilité sur les espaces métriques et topologiques
ont permis de mieux comprendre la nature algorithmique des objets analytiques classiques,
au-delà du cadre discret, le point de départ étant le fait que toute fonction de R dans R (par
exemple) est continue si et seulement si elle est calculable relativement à un oracle. Ce fait
se généralise aux ensembles fermés et compacts, et à n’importe quel espace topologique, une
fois qu’on a une représentation de cet espace.

L’étude des espaces représentables a montré que des propriétés analytiques classiques
telles que la continuité ou la convergence ne garantissent en rien une bonne effectivité, et
que des phénomènes systématiques de non-calculabilité peuvent apparaître même dans des
cadres très réguliers [10]. Les liens établis entre topologie descriptive et calculabilité ont ainsi
permis de préciser la structure effective d’espaces mathématiques usuels.

Un résultat représentatif de cette approche est l’effectivisation d’objets probabilistes
continus et pas seulement des suites infinies de bits. Par exemple, dans [17], sont étudiés des
espaces métriques généraux sur des objets mathématiques plus complexes (mesures, fonctions,
treillis), donnant une compréhension robuste des notions de calculabilité et de hasard dans des
cadres non purement discrets. Dans un autre registre, les journées du GT ont régulièrement
mis en avant des contributions portant sur la calculabilité de structures topologiques et
analytiques, où les questions de représentation effective sont centrales et où l’on cherche à
comprendre ce que signifie concrètement « calculer » dans un espace topologique [9].

3 Calcul analogique, systèmes continus et complexité

Les modèles de calcul continus et analogiques constituent un autre axe structurant du
GT. Des travaux consacrés aux équations différentielles comme modèles de calcul ont montré
que des classes de calculabilité sur les réels peuvent être capturées de manière intrinsèque
par des systèmes dynamiques continus, et en particulier par des équations différentielles
polynomiales effectives [6].

Ces résultats contribuent à mettre sur un pied d’égalité conceptuel calcul discret et calcul
continu : le calcul analogique devient un cadre où l’on peut formuler des questions de pouvoir
de calcul et de complexité avec une précision comparable au cadre classique. Il a été montré
que l’on peut également définir des notions naturelles de complexité dans ces modèles : le
temps correspond à la longueur des trajectoires [8], et l’espace à la précision requise pour
représenter les configurations [4].

Un autre apport marquant est l’étude de la robustesse : il ne s’agit pas seulement de
savoir ce qui est calculable en théorie, mais ce qui demeure calculable sous perturbations
réalistes (approximation, bruit, erreurs). Des résultats mettent en évidence des phénomènes
de stabilité et de non-stabilité qui structurent l’espace des modèles analogiques [5]. Dans
le même esprit, la clarification du lien entre le paradigme GPAC (Shannon) et l’analyse
calculable, ainsi que la description des fonctions générées, ont joué un rôle important dans
l’unification du paysage des modèles analogiques.

4 Systèmes dynamiques discrets, pavages et universalité

Les systèmes dynamiques discrets — automates cellulaires, dynamique symbolique, pa-
vages — ont constitué un terrain privilégié pour étudier l’émergence du calcul universel. Une
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ligne forte des vingt dernières années est que des systèmes localement simples peuvent simuler
des calculs universels, et donc engendrer de l’indécidabilité pour des propriétés dynamiques
naturelles.

Un résultat emblématique est le développement de constructions pavages apériodiques
par point fixe. Il existe des liens forts entre pavages et calculabilité, qui s’illustrent par
exemple par le fait qu’un diagramme espace-temps d’une machine de Turing peut être vu
comme un pavage. Cependant toutes les constructions de problèmes indécidables, à différents
niveaux de la hiérarchie arithmétique, s’appuyaient sur l’existence de pavages apériodiques,
dont les constructions historiques sont en général combinatoires ou géométriques (et donc
pas de nature calculatoire). Dans [13], les auteurs montrent qu’on peut obtenir un pavage
apériodique par des arguments de calculabilité et plus exactement par le point fixe de Kleene :
une machine qui écrit son propre code se transforme en un pavage qui se désubstitue en
lui-même.

Cette approche présente à la fois un intérêt conceptuel — en fournissant une explication
computationnelle unifiée de l’apériodicité — et un intérêt technique, la flexibilité de la
construction permettant d’imposer des propriétés supplémentaires, afin de rendre par exemple
l’ensemble de pavages robuste aux erreurs locales [13], ou minimal.

Par ailleurs, l’étude de la dynamique de réseaux d’automates a mis en évidence des
phénomènes de type « théorème de Rice » en complexité : tester des propriétés non triviales
du comportement dynamique devient rapidement intractable, fournissant une explication
structurelle aux difficultés de vérification de dynamiques finies [15]. Dans le même esprit,
plusieurs travaux sur les automates cellulaires et les systèmes discrets ont analysé finement la
complexité et la décidabilité de propriétés dynamiques telles que la prédiction, l’atteignabilité
ou la stabilité, contribuant à clarifier les liens entre dynamique symbolique, calculabilité et
complexité [14].

5 Information algorithmique et hasard

Un autre axe important concerne l’aléa algorithmique et la théorie de l’information
algorithmique. Les notions classiques (complexité de Kolmogorov, hasard, normalité) ont
été revisitées sous l’angle de contraintes de ressources, en particulier dans des modèles à
mémoire finie.

Une contribution marquante, explicitement identifiée dans le cadre du GT, est la structu-
ration d’une théorie de l’information algorithmique à états finis. Il était connu de longue date
que la normalité de Borel est étroitement liée aux machines à états finis et aux mécanismes
de compression à mémoire bornée, mais ces résultats restaient dispersés.

Des travaux récents ont proposé un cadre unifié fournissant des versions à états finis de
notions fondamentales de l’information algorithmique, telles que la complexité de Kolmogorov,
la probabilité a priori et la complexité conditionnelle. Une contribution technique centrale est
l’introduction de la notion de mesure de complexité superadditive, qui permet de donner des
preuves plus conceptuelles et uniformes de nombreux résultats auparavant techniques [18].

6 Calculabilité transfinie et modèles de calcul proches

Le GT s’est aussi intéressé aux modèles de calcul à temps transfini, qui, contrairement
aux automates cellulaires et machines de Turing classiques, ne s’arrêtent pas en un temps fini,
mais en un temps ordinal. L’idée est d’ajouter, en plus du mécanisme classique permettant de
passer d’un temps t au temps t + 1 (ordinal successeur), un mécanisme expliquant comment
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passer au temps t si on dispose de l’état du système à tous les temps t′ < t (ordinal limite).
Ces modèles servent d’interface naturelle entre calculabilité et logique transfinie.

Dans ce cadre, il a été montré que les ordinaux admissibles, qui jouent en logique un rôle
central en tant qu’ordinaux bien clos pour les fonctions élémentaires Σ1, sont profondément
liés à des propriétés algorithmiques précises des machines. Plusieurs travaux ont permis de
préciser ces correspondances, en reliant la structure des calculs des machines de Turing à
temps infini à la hiérarchie des ensembles constructibles de Gödel. Ceci résume la direction
générale de plusieurs articles [2, 1, 11, 12] qui couvrent un spectre assez large de résultats,
de la caractérisation de tout admissible comme premier ordinal non récursif avec un oracle
réel (qui est explicitement proposé), jusqu’au temps minimal nécessaire pour construire les
ensembles de Gödel.

7 Ouvertures contemporaines

Enfin, les activités récentes du GT montrent une ouverture vers des modèles contemporains
issus de l’informatique moderne, en particulier l’apprentissage automatique et les réseaux de
neurones. Abordés avec les outils de la calculabilité, de la dynamique et de la complexité,
ces modèles sont analysés du point de vue de leur pouvoir de calcul, de la décidabilité de
problèmes de vérification et des limites intrinsèques de leur expressivité [7]. Ces travaux
prolongent naturellement les questions classiques du GT, en montrant que des modèles
largement utilisés en pratique soulèvent des questions fondationnelles profondes.

Dans un autre registre, des travaux récents ont montré comment des approches issues
de l’analyse de programmes et de la sécurité de l’information peuvent fournir des outils
conceptuels pour raisonner sur la complexité, illustrant une autre facette des interactions
entre calculabilité, analyse de programmes et contrôle de l’information [16].

8 Conclusion

La rétrospective des activités du GT Calculabilités sur les vingt dernières années met en
évidence une communauté scientifique cohérente, structurée autour de questions de fond sur
les limites du calcul. En combinant logique, analyse, dynamique et complexité, les travaux
menés ont contribué à une compréhension plus unifiée et plus profonde de la calculabilité
dans une grande diversité de modèles. Ce positionnement transversal constitue un socle solide
pour les développements futurs.

Contributeurs.

Olivier Bournez, Julien Cervelle, Bruno Durand, Mathieu Hoyrup, Ludovic Patey, Romain
Péchoux, Emmanuel Rauzy, Alexander Shen.

Références
1 Kenza Benjelloun and Bruno Durand. Infinite Time Turing Machines for elementary proofs

on recursive reals. In JAF 2024 - Journées sur les Arithmétiques Faibles, Passau, Germany,
September 2024. URL : https://hal-lirmm.ccsd.cnrs.fr/lirmm-04509148.

2 Kenza Benjelloun, Bruno Durand, and Grégory Lafitte. Writability power of ITTMs : ordinals
and constructible sets. working paper or preprint, February 2023. URL : https://hal-lirmm.
ccsd.cnrs.fr/lirmm-04505369.

3 Laurent Bienvenu and Christopher P Porter. On the interplay between effective notions of
randomness and genericity. The Journal of Symbolic Logic, 84(1) :393–407, 2019.

https://hal-lirmm.ccsd.cnrs.fr/lirmm-04509148
https://hal-lirmm.ccsd.cnrs.fr/lirmm-04505369
https://hal-lirmm.ccsd.cnrs.fr/lirmm-04505369


GT Calculabilités 57

4 Manon Blanc and Olivier Bournez. The complexity of computing in continuous time : space
complexity is precision. In Karl Bringmann, Martin Grohe, Gabriele Puppis, and Ola Svensson,
editors, ICALP : Annual International Colloquium on Automata, Languages and Programming
2024 (ICALP’2024). LIPICS, July 2024. doi:10.4230/LIPIcs.ICALP.2024.129.

5 Manon Blanc and Olivier Bournez. Quantifiying the robustness of dynamical systems. Relating
time and space to length and precision. In Aniello Murano and Alexandra Silva, editors, 32nd
EACSL Annual Conference on Computer Science Logic, CSL 2024, February 19-23, 2024,
Naples, Italy, volume 288 of LIPIcs, pages 17 :1–17 :20, Dagstuhl, Germany, 2024. Schloss
Dagstuhl - Leibniz-Zentrum für Informatik. doi:10.4230/LIPIcs.CSL.2024.17.

6 Olivier Bournez, Manuel L. Campagnolo, Daniel S. Graça, and Emmanuel Hainry. Polynomial
differential equations compute all real computable functions on computable compact intervals.
Journal of Complexity, 23(3) :317–335, June 2007. URL : http://dx.doi.org/10.1016/j.
jco.2006.12.005, doi:10.1016/j.jco.2006.12.005.

7 Olivier Bournez, Johanne Cohen, and Adrian Wurm. A Universal Uniform Approximation
Theorem for Neural Networks. In Paweł Gawrychowski, Filip Mazowiecki, and Michał Skr-
zypczak, editors, 50th International Symposium on Mathematical Foundations of Computer
Science (MFCS 2025), volume 345 of Leibniz International Proceedings in Informatics (LI-
PIcs), pages 29 :1–29 :20, Dagstuhl, Germany, 2025. Schloss Dagstuhl – Leibniz-Zentrum für
Informatik. URL : https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.MFCS.
2025.29, doi:10.4230/LIPIcs.MFCS.2025.Kol29.

8 Olivier Bournez, Daniel Silva Graça, and Amaury Pouly. Polynomial time corresponds to
solutions of polynomial ordinary differential equations of polynomial length. Journal of the
ACM, 64(6) :38 :1–38 :76, 2017. doi:10.1145/3127496.

9 Vasco Brattka and Emmanuel Rauzy. Effective second countability in computable analysis. In
Arnold Beckmann, Isabel Oitavem, and Florin Manea, editors, Crossroads of Computability and
Logic : Insights, Inspirations, and Innovations, volume 15764 of LNCS, pages 19–33, Cham, 2025.
Springer. 21st Conference on Computability in Europe. doi:10.1007/978-3-031-95908-0_2.

10 Antonin Callard and Mathieu Hoyrup. Descriptive complexity on non-polish spaces. In
International Symposium on Teoretical Aspects of Computer Science (STACS), 2020.

11 Merlin Carl, Bruno Durand, Grégory Lafitte, and Sabrina Ouazzani. Admissibles in gaps.
In Jarkko Kari, Florin Manea, and Ion Petre, editors, Unveiling Dynamics and Com-
plexity - 13th Conference on Computability in Europe, CiE 2017, Turku, Finland, June
12-16, 2017, Proceedings, volume 10307 of Lecture Notes in Computer Science, pages
175–186. Springer, 2017. URL : https://doi.org/10.1007/978-3-319-58741-7_18, doi:
10.1007/978-3-319-58741-7\_18.

12 Bruno Durand and Grégory Lafitte. An algorithmic approach to characterizations of admissibles.
In Florin Manea, Barnaby Martin, Daniël Paulusma, and Giuseppe Primiero, editors, Compu-
ting with Foresight and Industry - 15th Conference on Computability in Europe, CiE 2019, Du-
rham, UK, July 15-19, 2019, Proceedings, volume 11558 of Lecture Notes in Computer Science,
pages 181–192. Springer, 2019. URL : https://doi.org/10.1007/978-3-030-22996-2_16,
doi:10.1007/978-3-030-22996-2\_16.

13 Bruno Durand, Andrei Romashchenko, and Alexander Shen. Fixed-point tile sets and their
applications. Journal of Computer and System Sciences, 78(3) :731–764, 2012.

14 Enrico Formenti. Complexity of local, global and universality properties in finite dynamical
systems. In Jérôme Durand-Lose and György Vaszil, editors, Machines, Computations,
and Universality - 9th International Conference, MCU 2022, Debrecen, Hungary, August
31 - September 2, 2022, Proceedings, volume 13419 of Lecture Notes in Computer Science,
pages 1–11. Springer, 2022. URL : https://doi.org/10.1007/978-3-031-13502-6_1, doi:
10.1007/978-3-031-13502-6\_1.

http://dx.doi.org/10.4230/LIPIcs.ICALP.2024.129
http://dx.doi.org/10.4230/LIPIcs.CSL.2024.17
http://dx.doi.org/10.1016/j.jco.2006.12.005
http://dx.doi.org/10.1016/j.jco.2006.12.005
http://dx.doi.org/10.1016/j.jco.2006.12.005
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.MFCS.2025.29
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.MFCS.2025.29
http://dx.doi.org/10.4230/LIPIcs.MFCS.2025.Kol29
http://dx.doi.org/10.1145/3127496
http://dx.doi.org/10.1007/978-3-031-95908-0_2
https://doi.org/10.1007/978-3-319-58741-7_18
http://dx.doi.org/10.1007/978-3-319-58741-7_18
http://dx.doi.org/10.1007/978-3-319-58741-7_18
https://doi.org/10.1007/978-3-030-22996-2_16
http://dx.doi.org/10.1007/978-3-030-22996-2_16
https://doi.org/10.1007/978-3-031-13502-6_1
http://dx.doi.org/10.1007/978-3-031-13502-6_1
http://dx.doi.org/10.1007/978-3-031-13502-6_1


58 Les vingt ans du GdR IFM, vus du GT «Calculabilités »

15 Guilhem Gamard, Pierre Guillon, Kevin Perrot, and Guillaume Theyssier. Rice-like theorems
for automata networks. In 38th International Symposium on Theoretical Aspects of Computer
Science (STACS 2021), 2021.

16 Emmanuel Hainry, Bruce M. Kapron, Jean-Yves Marion, and Romain Péchoux. Declassification
policy for program complexity analysis. In Pawel Sobocinski, Ugo Dal Lago, and Javier Esparza,
editors, Proceedings of the 39th Annual ACM/IEEE Symposium on Logic in Computer Science,
LICS 2024, Tallinn, Estonia, July 8-11, 2024, pages 41 :1–41 :14. ACM, 2024. URL :
https://doi.org/10.1145/3661814.3662100, doi:10.1145/3661814.3662100.

17 Mathieu Hoyrup and Cristóbal Rojas. Computability of probability measures and martin-löf
randomness over metric spaces. Information and Computation, 207(7) :830–847, 2009.

18 Alexander Kozachinskiy and Alexander Shen. Automatic kolmogorov complexity, normality,
and finite-state dimension revisited. Journal of Computer and System Sciences, 118 :75–107,
2021.

19 Ludovic Patey and Keita Yokoyama. The proof-theoretic strength of ramsey’s theorem for
pairs and two colors. Advances in Mathematics, 330 :1034–1070, 2018.

https://doi.org/10.1145/3661814.3662100
http://dx.doi.org/10.1145/3661814.3662100

	1 Central Topics of GT CoA: Algorithms and Complexity
	2 Algorithms
	3 Complexity
	1 Continuation of major works
	1.1 Perfect graphs and -boundedness
	1.2 Sparse Graphs
	1.3 Meta-theorems
	1.4 Fine grained complexity and parameterized algorithms

	2 New questions and new techniques
	2.1 New models of algorithms
	2.2 Probabilistic method and extremal graph theory
	2.3 Product structure theorem and applications
	2.4 Computer-assisted graph theory

	1 Context
	2 Quantum algorithms and complexity
	3 Quantum cryptography and communication
	4 Quantum error-correction and fault-tolerant quantum computation
	5 Programming languages and compilation
	6 Formal methods and models of computation
	7 Near-term algorithms and quantum advantage
	8 Quantum HPC
	9 Conclusion
	1 Calculabilité classique, logique et degrés
	2 Calculabilité sur les réels et analyse effective
	3 Calcul analogique, systèmes continus et complexité
	4 Systèmes dynamiques discrets, pavages et universalité
	5 Information algorithmique et hasard
	6 Calculabilité transfinie et modèles de calcul proches
	7 Ouvertures contemporaines
	8 Conclusion

